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Abstract
We discuss a family of restricted m-ary partition functions b(s)m;j(n), which is the number of
m-ary partitions of n with only 0; s; 2s; : : : ; (i+ j)s copies of the part mi allowed, and obtain the
following family of congruences for 16 l6m1=2, l+16 k6m1−l+1 and 16 t6m1−k+1:
b(s)m;lm−1(m
k+tn+ lsmk+t−1 + · · ·+ lsmk) ≡ 0

mod (l+ 1)t−1 ∑
06r6k
r =k−1
lr

 ;
where m1 = m=(m; s); (m; s)¡m and (m; s=(m; s)) = 1.
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1. Introduction
In this note, we denote by b(s)m;j(n) the number of m-ary partitions of n with only
0; s; 2s; : : : ; (i + j)s copies of the part mi allowed. (Here m is assumed to be bigger
than 1 and b(s)m;j(n)=0 for all negative integers n.) Obviously, b
(1)
m;j(n) is simply bm;j(n)
(see [5]) and bm;∞(n) := bm(n) is simply the number of m-ary partitions of n, i.e.,
the number of partitions of the integer n into powers of m. Various properties of this
function bm(n) were extensively studied by Churchhouse [2], RHdseth [7], Andrews
[1], Gupta [6] in the late 1960s and early 1970s, and Dirdal [3,4] in the mid-1970s.
For more recent work see [5,8]. In [5], Dolph et al. discussed the congruence properties
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of b(s)m;j(n) in the case j=m− 1 and s=1, and obtained the following result for k¿ 2
and 16 t6m− k + 1:
b(1)m;m−1(m
k+tn+ mk+t−1 + · · ·+ mk) ≡ 0 (mod 2t−1k):
In this note, we shall generalize the above result, that is, we shall consider the case
j = lm − 1 with 16 l6m1=2, and arbitrary s satisfying certain conditions. We shall
prove:
Theorem. Let m¿ 1 and s be positive integers with (m; s)¡m, where d=(m; s) is the
greatest common divisor of m and s. Write m=m1d and s=s1d. If (m; s1)=1, then for
all m¿ 2; 16 l6m1=2; l+16 k6m1−l+1, and all t satisfying 16 t6m1−k+1,
we have∑
n¿0
b(s)m;lm−1(m
k+tn+ lsmk+t−1 + · · ·+ lsmk)qn
=(l+ 1)t−1
∑
06r6k
r =k−1
lr(1 + qs1 + q2s1 + · · ·+ qlds1 )B(s)m;lm+k+t−1(q);
where B(s)m;j(q) is the generating function
∑
n¿0 b
(s)
m;j(n)q
n.
Remark 1. The theorem implies
b(s)m;lm−1(m
k+tn+ lsmk+t−1 + · · ·+ lsmk)
= (l+ 1)t−1
∑
06r6k
r =k−1
lr(b(s)m;lm+k+t−1(n) + b
(s)
m;lm+k+t−1(n− s1)
+ b(s)m;lm+k+t−1(n− 2s1) + · · ·+ b(s)m;lm+k+t−1(n− lds1));
where s1 = s=(m; s). Of course, it also implies that, for all m¿ 2; 16 l6m1=2; l +
16 k6m1 − l+ 1, and all t satisfying 16 t6m1 − k + 1,
b(s)m;lm−1(m
k+tn+ lsmk+t−1 + · · ·+ lsmk) ≡ 0

mod (l+ 1)t−1 ∑
06r6k
r =k−1
lr

 :
Remark 2. In the case s= 1 and l= 1 (hence
∑
06r6k
r =k−1
lr = k), our theorem reduces
to the main result (Theorem 3) in [5].
Remark 3. The following examples indicate that the conditions (m; s)¡m and (m; s1)=
1 cannot be removed.
Example 1. Let m= s= 3. Then (m; s) = m. Set l= 1; k = 2; t = 1 and n= 2. Then
we have b(s)m;lm−1(m
k+tn+ lsmk+t−1 + · · ·+ lsmk)= b(3)3;2(81); (l+1)t−1
∑
06r6k
r =k−1
lr =2.
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Since 81 = 3 × 33 = 9 × 32 = 6 × 32 + 9 × 3 has three representations satisfying the
required conditions, we have b(3)3;2(81) = 3 ≡ 0 (mod 2).
Example 2. Let m = 6 and s = 4. Then (m; s1) = 2¿ 1. Set l = 1; k = 2; t = 1
and n = 1. Then we have b(s)m;lm−1(m
k+tn + lsmk+t−1 + · · · + lsmk) = b(4)6;5(360); (l +
1)t−1
∑
06r6k
r =k−1
lr=2. Since 360=8×62+12×6 is the unique representation satisfying
the required conditions, we have b(4)6;5(360) = 1 ≡ 0 (mod 2).
Remark 4. If we replace the transformation n → mn+ 1 by n → mn+ l (see the last
paragraph in [5]), then we get the following result, which, when l=1, yields Theorem
3 in [5].
For all m¿ 2; 16 l6m=2; l+16 k6m− l+1 and all t satisfying 16 t6m−
k + 1,
b(1)m;m−1(m
k+tn+ lmk+t−1 + · · ·+ lmk) ≡ 0 (mod 2t−1k):
2. Preliminary lemmas
Clearly the generating function for bm(n) is given by
Bm(q) =
∑
n¿0
bm(n)qn =
∏
i¿0
( ∞∑
k=0
qm
ik
)
=
∏
i¿0
1
1− qmi :
We see that the generating function for b(s)m;j(n) can be written as
B(s)m;j(q) =
∑
n¿0
b(s)m;j(n)q
n
=
∏
i¿0
( i+j∑
k=0
qm
iks
)
= (1 + qs + q2s + · · ·+ qjs)B(s)m;j+1(qm): (1)
For the remainder of this paper, we assume that (m; s)=d¡m; m=m1d; s=s1d, and
(m; s1)=1. We shall denote by [qn]B(q) the coeJcient of qn in B(q) for convenience.
Suppose that {ak} is deKned by a1 = l and ak = lak−1 + 1 for k¿ 2. Then ak =∑
06r6k
r =k−1
lr and vice versa. So, in what follows we denote
∑
06r6k
r =k−1
lr by ak for brevity.
Lemma 1. For all n¿ 0; m¿ 2; l¿ 1, we have
b(s)m;lm−1(mn) = b
(s)
m;lm(n) + b
(s)
m;lm(n− s1)
+ b(s)m;lm(n− 2s1) + · · ·+ b(s)m;lm(n− (ld− 1)s1):
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Proof. We have from (1) the following:
B(s)m;lm−1(q) = (1 + q
s + q2s + · · ·+ q(lm−1)s)B(s)m;lm(qm): (2)
Then the coeJcient of qmn on the left-hand side of (2) is simply b(s)m;lm−1(mn). We see
that the terms in (1 + qs + q2s + · · · + q(lm−1)s) that contribute to a term of the form
qmn on the right-hand side of (2) are 1; qm1s; q2m1s; : : : ; q(ld−1)m1s, because B(s)m;lm(q
m) is
a power series in qm and congruence ts ≡ 0 (modm) has solution t ≡ 0 (modm1).
Therefore, the coeJcient of qmn on the right-hand side of (2) is
b(s)m;lm(n) + b
(s)
m;lm(n− s1) + b(s)m;lm(n− 2s1) + · · ·+ b(s)m;lm(n− (ld− 1)s1)
and the proof is completed.
We remark that Lemma 1 implies
b(s)m;lm−1(mn) = [q
n](1 + qs1 + q2s1 + · · ·+ q(ld−1)s1 )B(s)m;lm(q):
Lemma 2. For all n¿ 0; m¿ 2; 16 l6m1, and all k satisfying 26 k6m1− l+1,
we have
b(s)m;lm−1(m
kn) = b(s)m;lm+k−1(n) + ak−1(b
(s)
m;lm+k−1(n− s1)
+ · · ·+ b(s)m;lm+k−1(n− lds1)):
Proof. We prove this lemma by induction on k. We Krst consider the case k = 2.
Note that congruence (ud+ r)s1 + tds1 ≡ 0 (modm) with 16 r ¡d has no solution t
since (d; s1) = (m; s1) = 1, and that congruence uds1 + tds1 ≡ 0 (modm) has solution
t ≡ −u (modm1). We have from Lemma 1 that
b(s)m;lm−1(m
2n)
= [qmn](1 + qs1 + q2s1 + · · ·+ q(ld−1)s1 )B(s)m;lm(q)
= [qmn](1 + qs1 + · · ·+ q(ld−1)s1 )(1 + qds1 + q2ds1 + · · ·+ qlmds1 )B(s)m;lm+1(qm)
= [qmn](1 + qms1 + q2ms1 + · · ·+ qldms1 + qds1 (q(m1−1)ds1 + q(2m1−1)ds1
+ · · ·+ q(ldm1−1)ds1 ) + · · ·+ q(l−1)ds1 (q(m1−l+1)ds1 + q(2m1−l+1)ds1
+ · · ·+ q(ldm1−l+1)ds1 ))B(s)m;lm+1(qm)
= [qmn](1 + l(qms1 + q2ms1 + · · ·+ qldms1 )B(s)m;lm+1(qm)
= [qn](1 + a1(qs1 + q2s1 + · · ·+ qlds1 ))B(s)m;lm+1(q)
= b(s)m;lm+1(n) + a1(b
(s)
m;lm+1(n− s1) + · · ·+ b(s)m;lm+1(n− lds1)):
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Now, we assume the lemma is true for some k satisfying 26 k ¡m1 − l+ 1. This
means we are assuming that
b(s)m;lm−1(m
kn) = b(s)m;lm+k−1(n) + ak−1(b
(s)
m;lm+k−1(n− s1)
+ · · ·+ b(s)m;lm+k−1(n− lds1))
or that∑
n¿0
b(s)m;lm−1(m
kn)qn = (1 + ak−1(qs1 + q2s1 + · · ·+ qlds1 ))B(s)m;lm+k−1(q):
Then we have
b(s)m;lm−1(m
k+1n)
= [qmn](1 + ak−1(qs1 + q2s1 + · · ·+ qlds1 ))B(s)m;lm+k−1(q)
= [qmn](1 + ak−1(qs1 + q2s1 + · · ·+ qlds1 ))(1 + qds1 + q2ds1
+ · · ·+ q(lm+k−1)ds1 )B(s)m;lm+k(qm)
= [qmn](1 + qms1 + q2ms1 + · · ·+ qldms1 + ak−1qds1 (q(m1−1)ds1 + q(2m1−1)ds1
+ · · ·+ q(ldm1−1)ds1 ) + · · ·+ ak−1qlds1 (q(m1−l)ds1 + q(2m1−l)ds1
+ · · ·+ q(ldm1−l)ds1 ))B(s)m;lm+k(qm)
= [qmn](1 + ak(qms1 + q2ms1 + · · ·+ qldms1 ))B(s)m;lm+k(qm)
= [qn](1 + ak(qs1 + q2s1 + · · ·+ qlds1 ))B(s)m;lm+k(q)
= b(s)m;lm+k(n) + ak(b
(s)
m;lm+k(n− s1) + · · ·+ b(s)m;lm+k(n− lds1)):
This completes the proof.
Lemma 3. For all m¿ 2; 16 l6m1=2 and all k satisfying l+ 16 k6m1 − l+ 1,
we have∑
n¿0
b(s)m;lm−1(m
k+1n+ lsmk)qn = ak(1 + qs1 + q2s1 + · · ·+ qlds1 )B(s)m;lm+k(q):
Proof. By the proof of Lemma 2, we have
b(s)m;lm−1(m
k(mn+ ls))
= [qmn+ls](1 + ak−1(qs1 + q2s1 + · · ·+ qlds1 ))B(s)m;lm+k−1(q)
352 Q.-L. Lu /Discrete Mathematics 275 (2004) 347–353
= [qmn+ls](1 + ak−1(qs1 + q2s1 + · · ·+ qlds1 ))(1 + qds1 + q2ds1
+ · · ·+ q(lm+k−1)ds1 )B(s)m;lm+k(qm)
= [qmn+ls](qlds1 + q(m1+l)ds1 + · · ·+ q(ldm1+l)ds1 + ak−1qds1 (q(l−1)ds1
+ q(m1+l−1)ds1 + · · ·+ q(ldm1+l−1)ds1 ) + · · ·+ ak−1qlds1 (1 + qms1
+ q2ms1 + · · ·+ qldms1 ))B(s)m;lm+k(qm)
= [qmn+ls]akqlds1 (1 + qms1 + q2ms1 + · · ·+ qldms1 )B(s)m;lm+k(qm)
= [qn]ak(1 + qs1 + q2s1 + · · ·+ qlds1 )B(s)m;lm+k(q)
= ak(b
(s)
m;lm+k(n) + b
(s)
m;lm+k(n− s1) + · · ·+ b(s)m;lm+k(n− lds1)):
This completes the proof.
3. The proof of the theorem
We prove the theorem by induction on t. The case t = 1 is handled in Lemma 3.
We now assume∑
n¿0
b(s)m;lm−1(m
k+t−1n+ lsmk+t−2 + · · ·+ lsmk)qn
=(l+ 1)t−2ak(1 + qs1 + q2s1 + · · ·+ qlds1 )B(s)m;lm+k+t−2(q)
for 26 t6m1 − k + 2, i.e.,
b(s)m;lm−1(m
k+t−1n+ lsmk+t−2 + · · ·+ lsmk)
= (l+ 1)t−2ak(b
(s)
m;lm+k+t−2(n) + b
(s)
m;lm+k+t−2(n− s1)
+ b(s)m;lm+k+t−2(n− 2s1) + · · ·+ b(s)m;lm+k+t−2(n− lds1)):
Then we have
b(s)m;lm−1(m
k+tn+ lsmk+t−1 + · · ·+ lsmk)
= [qmn+ls](l+ 1)t−2ak(1 + qs1 + q2s1 + · · ·+ qlds1 )B(s)m;lm+k+t−2(q)
= [qmn+ls](l+ 1)t−2ak(1 + qs1 + q2s1 + · · ·+ qlds1 )(1 + qds1 + q2ds1
+ · · ·+ q(lm+k+t−2)ds1 )B(s)m;lm+k+t−1(qm)
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= [qmn+ls](l+ 1)t−2ak(qlds1 + q(m1+l)ds1 + · · ·+ q(ldm1+l)ds1 + qds1 (q(l−1)ds1
+ q(m1+l−1)ds1 + · · ·+ q(ldm1+l−1)ds1 ) + · · ·+ qlds1 (1 + qm1ds1 + q2m1ds1
+ · · ·+ qldm1ds1 ))B(s)m;lm+k+t−1(qm)
= [qmn+ls](l+ 1)t−1akqlds1 (1 + qms1 + q2ms1 + · · ·+ qldms1 )B(s)m;lm+k+t−1(qm)
= [qn](l+ 1)t−1ak(1 + qs1 + q2s1 + · · ·+ qlds1 )B(s)m;lm+k+t−1(q)
= (l+ 1)t−1ak(b
(s)
m;lm+k+t−1(n) + b
(s)
m;lm+k+t−1(n− s1) + b(s)m;lm+k+t−1(n− 2s1)
+ · · ·+ b(s)m;lm+k+t−1(n− lds1)):
This completes the proof of the Theorem.
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